ABSTRACT This paper studies a two-strain SIS pairwise approximation model with a competing mechanism and non-Markovian recovery process in which the recovery rate depends on infection age. The model is a hyperbolic system, which can be transformed into a system of integro-differential equations by using the method of characteristics. We obtain the associated reproduction numbers for each of the two strains, which determine the existence of the boundary equilibria. Besides, we also show that the two competing strains may coexist.
I. INTRODUCTION
In most epidemic models, the effective transmission rate or the recovery rate is usually a constant. However, this may not be true for diseases like sexually transmitted diseases (STD), TB, Chicken Pox, and Diphtheria. In the spreading of these diseases, the effective transmission or the recovery rate depends greatly on the infection age (the time passed since an individual was infected) or on physiological age. Therefore, it is natural and essential to study individual heterogeneity (for example, infection age and so on). Infection age has been integrated into epidemic models to study this phenomenon (see, for example [1] - [5] ). To the best of our knowledge, not much research has been done for epidemic models with infection age on complex networks [3] .
Many available network epidemic models consider both the infection process and the recovery process as Markovian processes, which are unreasonable for many infectious diseases [6] - [8] . Therefore some researchers began to study the spread of infectious disease with nonMarkovian process. Kiss et al. [9] studied a pairwise model with fixed infectious period, and the resulting pairwise model was a system of delay differential equations. They analytically computed threshold quantity and the final epidemic size. Röst et al. [10] , [11] discovered that the different recovery time distributions had a strong influence on
The associate editor coordinating the review of this manuscript and approving it for publication was Weisi Guo. disease transmission. In reference [10] , the reproduction number was regarded as a function of mean and variance of recovery time distributions. The effects of different recovery time distributions on the reproduction number were studied. Moreover, it was also shown that the larger variance was, the smaller reproduction number was, on the condition of the same mean. Röst et al. [11] considered a hyperbolic system, which could be translated into integro-differential equations by using the method of characteristics. They obtained the functional relationship of the final epidemic size and the pairwise reproduction number. Sherborne et al. [12] derived an edge-based compartmental model with arbitrary transmission and recovery times distributions, and a message passing model with Markovian transmission and an arbitrary recovery period. They proved that the message passing and edgebased compartmental models were equivalent for arbitrary transmission and recovery processes. Wilkinson et al. [13] considered an SIR epidemic model which correlated with an individual's infectious period. They proved the model had a unique feasible solution and provided an upper bound for the expected epidemic size at any fixed time. Zhang et al. [14] presented a two-strain SIR pairwise epidemic model with non-Markovian recovery process in which the recovery rate depends on infection age. The model was a hyperbolic system which could be transformed into a system of integrodifferential equations by using the method of characteristics. For the two-strain pairwise model, the reproduction number with arbitrary recovery time distributions was obtained.
They obtained upper and lower estimates for the final epidemic size. Jing et al. [15] proposed a pairwise epidemic model with infection age and demography on dynamic network. They derived the basic reproduction number and proved that increasing the variance in recovery time and decreasing the variance in infection time could effectively control the diseases. Li et al. [16] considered a delayed nonMarkovian susceptible-infected-recovered (SIR) pairwise model with fixed infectious period and preventive rewiring. They gave the pairwise reproduction number and provided the formula for the final epidemic size.
However, many infectious diseases are caused by multistrain pathogens such as cholera, dengue, influenza, malaria, hand-foot-mouth disease, chicken pox and respiratory syncytial virus infection. Although the structured network plays an important role in infection transmission and polymorphic infectious diseases are quite common, these two characteristics have not yet been collectively investigated on their potential role in generating sustained epidemic cycling. And an important question in studying multi-strain epidemic models is to identify the conditions that lead to the coexistence of different strains on complex networks. Therefore, in this paper we are mainly concerned with a two-strain SIS pairwise approximation model with a competing mechanism and non-Markovian recovery process in which the recovery rate depends on infection age.
The rest of this paper is organized as follows: In Section 2, we propose a two-strain SIS pairwise approximation model with a completing mechanism and infection age. In Section 3, we discuss the existence of the disease-free and boundary equilibria and obtain two reproduction numbers for each of the two strains. And we deal with the strain coexistence. Finally, conclusion are made in Section 4.
II. FORMULATION OF THE MODEL
To describe the multistrain disease dynamics, we will consider an undirected and unweighted network with N nodes and average degree n. On the network, let each node has a state, which can be susceptible (S), infected with strain one (I 1 ), or infected with strain two (I 2 ). The susceptible can become either infected with strain one or infected with strain two, and each infected node has a random infectious period. Those infected with strain one (two) have recovery rates that depend on infection age. The infected with strain one (two) have not temporary immunity after recovery, and they become susceptible again. The pairwise model SI 1 I 2 S with Markovian infection process and non-Markovian recovery process will be established.
The interpretations of the variables and parameters used in the pair approximation model are shown in Table 1 . All parameters are non-negative. The relationships between variables are shown in Fig 1. Since the recovery process with strain j is considered to be non-Markovian process, which has cumulative distribution function F j (a), probability density function f j (a), associated survival function ξ j (a) = 1 − F j (a) and hazard function h j (a) = −ξ j (a)
And h j (a)(j = 1, 2) is bounded on the interval R + = [0, ∞). According to biological meaning, we have lim
The SI 1 I 2 S pairwise model with non-Markovian recovery process takes the form (For the convenience of calculation, we use the shorthand notation i j i l for i j (t, a)i l (t, b), VOLUME 7, 2019 where j, l = 1, 2.)
with the boundary conditions
and the initial conditions
where
is the space of function that is nonnegative and Lebesgue integrable over the specified interval.
It is obvious that system (1) is not closed. In order to obtain a closed system, we apply the following closure approximation [17] [XYZ ](t) ≈ n − 1 n
Substituting formula (4) into system (1), the closed system can be obtained
where the boundary conditions and the initial conditions are the same as (2) and (3). For simplicity of calculation, we make the following notation
Using the method of separation of variables, system (5) turns into the following Volterra-type equations
(6d)
According to the boundary conditions i 1 (t, 0) Si 1 (t, a) da, we obtain nonlinear Volterra equation
In the same way, the other boundary conditions can obtain the associated nonlinear Volterra equations. We then apply the approach introduced by Thieme [19] to reformulate system (5) with the boundary conditions (2) and initial conditions (3) as a semilinear Cauchy problem [21] . Let L 1 + (R + , R) and L 1 + (R + × R + , R) represent complete normed linear spaces respectively. In order to take care of the boundary conditions, we enlarge the state space and consider
, endowed the usual product norm, and the set
. and
We consider the linear operator A :
, where W 1,1 is a Sobolev space, and we define F : X 0 → X by
Si 2 (t, ·)
we can reformulate the partial differential equation problem (5) as the following abstract Cauchy problem du(t) dt = Au(t) + F(u(t)), for t ≥ 0 and u(0) = u 0 .
By using the results in [19] - [21] , we derive the existence and the uniqueness of the semiflow {U (t)} t≥0 on X 0 . By identifying (0, 0, 0, 0,
, it can be proved that the semiflow coincides with the one generated by using the Volterra integral formulation. By the positivity of variables,
Hence, system (5) leaves the set
positively invariant. Furthermore, it follows that the set
is a positively invariant absorbing set under the semiflow {U (t)} t≥0 on X 0+ , i.e. U (t)B ⊆ B and for x ∈ X 0 , as t → ∞, we have
This means that {U (t)} t≥0 is bounded dissipative on X 0+ (see [22] ).
III. EQUILIBRIA AND THE BASIC REPRODUCTION NUMBER
In this section, we will derive the basic reproduction number R 0 by analyzing the equilibrium. System (5) with the time derivatives equal to zero. Since the equation is independent of time t, the variable are denoted as [i 1 
Obviously, we can see that E 0 = (0, 0, 0, 0, 0, 0, 0) is one solution of system (7). This solution produces the diseasefree equilibrium, and it always exists. In the following, we find other equilibria.
Solving the first and second equations of system (7), we obtain
Solving the last three equations of system (7), we obtain
[
Since the total population of system (5) is constant, we have
Hence, we obtain (11) Substituting (8)- (10) into the third and fourth equations of system (7) yields the differential equations
Using the method of separation of variables, we have
For regular networks the following equation is valid,
so we have
Further we can obtain
Substituting two equations of (12) into i * 1 (0) and i * 2 (0) respectively, we get
Let us define
The two equations of (13) and (14) are equivalent to (15) and (16) respectively, we get F 1 (i * 1 (0), 0) = 0, and Summarizing the above discussion, we have the following theorem for the existence of the disease-free and boundary equilibria.
Theorem: Consider the two-strain system (5), we have (1) There exists always a disease-free equilibrium E 0 . :
. We need to find a positive solution of (13) and (14) . This is equivalent to find a positive solution of F 1 (i * 1 (0), i * 2 (0)) = 0 and F 2 (i * 1 (0), i * 2 (0)) = 0. Now we assume that R p 01 > 1, R p 02 > 1, namely both boundary equilibria exist. Based on the method of existence of positive equilibrium in reference [18] , we have ∂ ∂i * 1 (0)
Hence, there are the two curves F 1 (i * 1 (0), i * 2 (0)) = 0 and F 1 (i * 1 (0), i * 2 (0)) = 0 in the i * 1 (0)i * 2 (0)-plane. Note that the coexistence equilibrium E * is the intersection of the two curves For the other conditions that need to be met, we will discuss them in the future.
IV. CONCLUSION
In this paper, we mainly focus on the derivation and analysis of a competing two-stain SI 1 I 2 S pairwise network model considering infection age and non-Markovian recovery process. We obtain the associated reproduction numbers for each of the two strains which determine the existence of the boundary equilibria. There exists either a unique strain 1-only or a strain 2-only boundary equilibrium. Besides, we also show that the two competing strains may coexist. Because it is more difficult to analyze the pairwise model with infection age, we can't analyzed the existence of positive equilibrium in detail like the references [18] and [23] in this paper. But we will discuss it in the future. In addition, the reference [3] constructed the node-level epidemic model with infection age. They proved the dynamics of the node-level epidemic model. For the competing two-strains node-level epidemic model with infection age, we can prove the dynamic behavior of the model with the help of the references [3] and [23] .
